We investigate the time evolution of the half-filled one-dimensional extended Hubbard model in the strong-coupling regime, when driven by a transient laser pulse. Starting from a phase displaying charge-density wave (CDW), a robust photoinduced in-gap state appears in the optical conductivity, depending on the parameters of the pulse. Here, by tuning the conditions of the pulse, we maximize the overlap of the time-evolving wavefunction with excited states displaying the elusive bond-ordered wave of this model. Finally, we make a clear connection between the emergence of this order and the formation of the aforementioned in-gap state, suggesting the potential observation of bond-ordered waves in experiments involving molecular crystals. arXiv:1812.05894v1 [cond-mat.str-el] 
Introduction.-Driving non-equilibrium behavior in strongly interacting systems has been used as way to unveil singular information about the different degrees of freedom that give rise to its ordered phases. A clear paradigm of this scenario is given in the context of optical excitations in pump-probe experiments, where one is able to transiently induce ultrafast transitions between different electronic phases, as a result of tuning either its structural, magnetic or electronic properties [1, 2] . Their specific nature depends on the characteristics of the pump pulse and on the material under investigation. For example, one can induce or enhance superconductivity at short time-scales such as to melt some of its competing orders, as the static charge stripes that appear at optimally underdoped cuprates [3] [4] [5] [6] .
In other situations, magnetic [7, 8] or insulatorto-metal [9] [10] [11] [12] [13] [14] transitions are accomplished either by driving with a strong electric field or with a transient laser pulse. All these achievements largely rely on the development in the past few decades of ultrafast X-ray techniques, such as transient transmissivity (reflectivity) spectroscopy measurements, from which time-resolved optical conductivity can be extracted via Kramers-Kronig transformations [15] . A sub-set of these studies concern materials where, due to its peculiar crystal structure, one-dimensional (1D) models are believed to capture the nature of its electronic phases.
In particular, molecular solids, as the bis(ethylendithyo)-tetrathiafulvalenedifluoro-tetracyanoquinodimethane (ET-F 2 TCNQ), are viewed as good examples of 1D Mott insulators whose chains formed by ET molecules possess large on-site and nearest-neighbor (NN) Coulomb repulsions, resulting in electronic immobility [16] . Others, as some halogenbridged compounds, are good examples of charge-density wave insulators [17] .
In both cases, the simplest model potentially describing their equilibrium properties is the extended Hubbard model (EHM), written aŝ
whereĉ † i,σ (ĉ i,σ ) is the creation (annihilation) operator of an electron with spin σ at site i, and the number operator isn i =n i,↑ +n i,↓ ; t h denotes the hopping amplitude, while U and V the on-site and NN Coulomb repulsions, respectively.
Ultrafast photoirradiation of these materials has revealed unique out-of-equilibrium responses, as the induction of transient metallic behavior [9, 12, 18] , generation of insulating behavior with different characteristics, as from a Mott-to-CDW insulators [19] , and the change in nature of charge orders, from CDW to charge polarized ones [20] . In other recent pump-probe measurements of the organic Mott insulator ET-F 2 TCNQ, a new resonance appears after photoexcitation and implies the manifestation of an in-gap state [21] , also observed in theoretical analyses [22] . This state is attributed to the electronic delocalization through quantum interference between bound and ionized holon-doublon pairs, transiently induced by the pulse.
The ground-state (GS) phase diagram of the model (1) has been shown to display phases where the onsite and NN Coulomb interactions compete so as to induce insulating behavior with either spin-density wave (SDW) or charge-density wave (CDW) orders at large U and V , respectively, connected via a first order phase transition at U = 2V [23] . At smaller values of the interactions, however, an elusive intermediate bond-ordered-wave (BOW) phase has been demonstrated [24] [25] [26] [27] [28] [29] [30] . Our main result in this Letter is to argue on the possible observation of in-gap states at the out-of-equilibrium optical conductivity precisely associated to the induction of a BOW phase in a parent equilibrium regime displaying CDW order.
Methods and observables.-We focus our study on the zero temperature strong-coupling region wih U = 10 -hereafter, we set the energy scale t h = 1 -which is consistent with the estimated on-site interaction of ET-F 2 TCNQ materials [16] . In theory, a first-order phase transition between the SDW and CDW GSs occurs at V = 5 and it avoids any influence of the dimerized BOW phase, which is believed to exist up until a tricritical point at much smaller interaction strengths, (U c , V c ) = (5.89, 3.10) [30] .
The system, when driven out-of-equilibrium by a transient pumping pulse, is affected by a time-dependent electric field expressed in terms of a vector potential A(t), whose introduction into the hopping terms is done via the Peierls substitution:
In terms of the temporal gauge, the vector potential A(t) in (2) is written as
, where its temporal distribution is Gaussian centered around t 0 , with t d controlling its width, and ω 0 the central frequency. We use extremely short-lived pulses by selecting t d = 0.5 (in terms of the time unit, t −1 h ) so as to describe the dynamics of ultrafast irradiations.
By employing the time-dependent Lanczos method, the time-dependent wave function |ψ(t) can be computed starting from the initial GS |Ψ 0 [31] , via
where l and |φ l are eigenvalues and eigenvectors of the tridiagonal matrix generated in the Lanczos iteration at each instant of time, respectively; M is the dimension of the Lanczos basis, and δt is the time stepping. We select M = 30 and δt = 0.02, where we have checked that increasing the number of states M does not produce substantial quantitative changes in our results for this δt.
To mitigate the influence of finite size effects in our lattices of length L, we further contrast our results with the application of twisted boundary condition (TBC) averaging [32, 33] , where the Peierls substitution (2) acquires an
, enabling the evolution from the κ-dependent initial state |Ψ κ 0 to |ψ κ (t) . One of our main concerns is the transport in this strongly interacting system. This can be quantified by the optical conductivity σ(ω), which in equilibrium is given in terms of the Kubo formula [34] . While there is no well-defined out-of-equilibrium optical conductivity, because of the absence of time translation invariance, various methods to calculate the optical conductivity inand out-of-equilibrium as well as their validity in different limits have been demonstrated in Ref. 35 . Here we adopt the method derived rigorously from linear-response theory [36] :
where the two-time susceptibility is
and in the diamagnetic term, the stress tensor operator
The maximum time t m for the Fourier transformation [Eq. (4)] in our numerical simulation is one hundred times as much as the time unit. The interaction representation of the current oper-
is the time-evolution operator in the absence of probing perturbations [36] . Lastly, the current operator readŝ
In what follows, we define the time difference between the central time of pump and the probe time as ∆t, and finally track σ(ω, ∆t), which is intimately connected to the time-dependent reflectivity in experiments. with V = 3 and 7, symmetric in respect to the transition point V c = 5 (for U = 10). We report its real part, Re σ(ω, ∆t), in a lattice with L = 14 and standard periodic BCs, in Figs. 1 (a) and 1 (b), respectively, both before (in equilibrium) and after the pump (∆t = 5, 10, 15). The size of the optical gap, i.e., the position of the main peak in equilibrium, is ω gap 6.12 ( 10.12) for V = 3 (V = 7). To excite the system, we thus resonantly apply the pump, selecting ω 0 = ω gap , also setting A 0 = 0.4, so as to enhance the bond-order as will later become clear. In both cases, the original peak at ω gap is suppressed after the pump, while another peak arises at smaller energies. We dub these photoinduced states below ω gap as the in-gap states. For the situation initially displaying SDW order [ Fig. 1(a) ], the in-gap peak is extremely close to ω = 0, suggesting it might be indeed zero when approaching L → ∞. In fact, Figs. 1 (c) and 1 (d) display the same as in (a) and (b), but employing the TBC averaging with 10 equidifferent twisted phases φ ∈ [0, 2π). Although still noisy for this system size, this induced peak at long times approaches ω = 0, indicating a metallic regime. In stark contrast, the ingap state generated around ω ≈ 5 for excitations from the CDW phase does not change regardless of time and TBCs [ Figs. 1 (d) ], which is indicative it may well exist in the thermodynamic limit.
The question now boils down in understanding the physical nature of the photoinduced in-gap state generated in the CDW regime. For that purpose, we recall the different order parameters associated to the three different insulating phases observed in equilibrium in the case of repulsive interactions: SDW, CDW and BOW. We generically define those in a translationally invariant and staggered fashion aŝ
withÔ i =n i,↑ −n i,↓ , for x=SDW;Ô i =n i − 1, for x=CDW andÔ i = σ (ĉ † iĉ i+1 + H.c.), for x=BOW. dx represents the distance from site i and we introduce an effective cutoff L c = L 2 , given the closed BCs [37] . In Fig. 2 , we show the BC averaged timeevolution of these three order parameters, O x av ≡ (1/N κ ) κ ψ κ (t)|Ô x |ψ κ (t) , using N κ equidifferent TBCs. For V = 3 [ Fig. 2(a) ], the pump is responsible to induce a metallic behavior as suggested by the optical conductivity peaks. This happens at the expense of substantially reducing the SDW order parameter. Conversely, the CDW and BOW order parameters are slightly changed with extremely long saturation times. A proper finite-size scaling would rule out the manifestation of any order in the thermodynamic limit, but given the metallic behavior suggested by σ(ω, ∆t → ∞), one would not expect their concomitant appearance. On the other hand, when V = 7 [ Fig. 2(b) ], there is a considerable increment of the BOW order with little influence of the different TBCs (the shadings are barely visible), at the expense of dramatic reduction of the ruling order parameter in equilibrium, O CDW .
Given this enhancement of the BOW order, we are now in position to correlate the appearance of the in-gap state with a photoinduced bond-order. To verify this point, we perform a full exact diagonalization (ED) calculation in a 10-sites lattice, restricted to the k = 0 momentum subspace. This is the sector where the equilibrium groundstate resides and where the time-evolved wave-function explores, since the pump does not break translation invariance. Figure 3 (a) displays the eigenstate expectation values of the BOW order parameter, for eigenstates |α s of the equilibrium Hamiltonian, as a function of the energy difference E α − E 0 , where E 0 is the GS energy. One finds that the first excited state (E 1 − E 0 10.13) displays the largest bond-order ( 1|O BOW |1 0.32) among all |α 's. Besides, Fig. 3 (b) shows the overlap between the evolved wave function at long times after the pump, and all eigenstates, i.e., | α|ψ(∆t = 15) |. The overlap with α = 1 reaches values up to 0.783 with the optimal pump parameters: A 0 = 0.5 and ω 0 = 10.12. The detailed time evolution of the overlap between |ψ(∆t) with both the GS and the first excited state is shown in Fig. 3 (c) . Their weight switch roles, as the pump reaches its maximum intensity at ∆t = 0. Notice as well that E 1 − E 0 10.13 is consistent with the optical gap ω gap 10.12, indicative that the system displays large resonance so as to absorb energy sufficient to excite this |α = 1 state [38] .
To finally confirm the relation between the pumpenhanced bond-order and the in-gap state observed in the optical conductivity displayed in Fig. 1 (b) , we show in Fig. 3 (d) the time-evolved σ(ω, ∆t = 15) and the equilibrium σ(ω) computed from the GS [as in Fig. 1  (b) ], accompanied by the equilibrium optical conductivity computed from the first excited state. The similarity between σ(ω, ∆t = 15) and σ(ω) from |1 makes clear the nature of the in-gap state: it is related to an photoinduced bond order.
The next and final point we address is in systematically finding the optimal parameters of the pump to excite the system so as to enhance the BOW order. In Figs. 4 (a) , 4 (b) and 4 (c), we give the contour plots of long time-evolution BOW order parameter, the overlap of | α = 1|ψ(∆t = 15) | and the injected energy ∆E ≡ ψ(t)|Ĥ|ψ(t) − Ψ 0 |Ĥ|Ψ 0 , as a function of pump parameters A 0 and ω 0 , with V = 7, respectively. O BOW is obtained after averaging at very long times, ∆t ∈ [5, 105] . Here we do not use the twisted BCs because its influence in the order parameter is small, see Fig. 2 (b) . The optimal ω 0 precisely coincides with ω gap and as Fig. 4 (c) shows, the system absorbs more energy if ω 0 is closer to ω gap , as one varies A 0 . Lastly, the overlap of the wavefunction at long times and the first excited state in Fig. 4 (b) display remarkable similarity with Fig. 4 (a) , confirming the connection between the enhanced BOW order and the overlap increase between the time-evolved wave function and the first excited state. As a final remark on the generality of our results, Fig. 4  (d) contrasts the equilibrium (before pump) order parameters of the three phases we investigate (solid lines) and O x , i.e., the long-time average for each of the order parameters (dashed line) as previously defined, always optimizing the pump variables A 0 and ω 0 (with A 0 ∈ [0, 1] and ω 0 ∈ [0, 20]) such as to enhance the corresponding order, as a function of V . The enhancement of CDW order in the immediacy of the first order phase transition in SDW side (U=10, V=4.5) has been discussed in Ref. 39 . Remarkably, the enhancement of the BOW order within the equilibrium CDW phase is robust for a wide range of interactions V . Besides, we have further checked that the first excited state in this parameter space always display a considerable bond-order expectation value.
Summary and discussion.-By utilizing the timedependent Lanczos technique, we calculate the nonequilibrium optical conductivity and order parameters for different phases of the 1D EHM. We find that an enhancement of a BOW state can be readily reached from the GS of the equilibrium CDW phase of the model, when tuning the parameters of the pump so as to (i) be resonant with the main peak of the optical conductivity and (ii) with enough energy to induce a large overlap of the time-evolved wave function with the first excited state. We argue that in the background of alternating doublons and holons, the bond (dimerization) of electrons among the double occupied sites and their nearest empty site is one of the lowest order excitations, which under appropriate photoexcitation, can be dynamically assessed. This provides an unique framework for the observation of the elusive BOW order in experiments involving molecular crystals under ultrafast photoirradiation. 
